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Abstract
Viscoplastic deformation of shale is frequently observed in many subsurface applications. Many studies have sug-
gested that this viscoplastic behavior is anisotropic and closely linked to the layered composite structure at the mi-
croscale. In this work, we develop a two-scale constitutive model for shale in which anisotropic viscoplastic behavior
naturally emerges from semi-analytical homogenization of a bi-layer microstructure. The microstructure is modeled
as a composite of soft layers, representing a ductile matrix formed by clay and organics, and hard layers, correspond-
ing to a brittle matrix composed of stiff minerals. This layered microstructure renders the macroscopic behavior
anisotropic, even when the individual layers are modeled with isotropic constitutive laws. Using a common correla-
tion between clay and organic content and magnitude of creep, we apply a viscoplastic Modified Cam-Clay plasticity
model to the soft layers, while treating the hard layers as a linear elastic material to minimize the number of calibration
parameters. We then describe the implementation of the proposed model in a standard material update subroutine.
The model is validated with laboratory creep data on samples from three gas shale formations. We also demonstrate
the computational behavior of the proposed model through simulation of time-dependent borehole closure in a shale
formation with different bedding plane directions.
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1. Introduction
Shale often accumulates a significant amount of irrecoverable deformation over time. This viscoplastic defor-
mation plays an important role in a variety of subsurface practices, such as in-situ stress estimation [1, 2], borehole
drilling [3], leakage prevention [4, 5], and hydraulic fracturing [6–8]. This importance has motivated a number of
experimental investigations into creep of shale at multiple scales (e.g. [9–20]).
Experimental results have shown that the viscoplastic behavior of shale is anisotropic—specifically, transversely
isotropic—and closely linked to the shale composition. For example, creep responses of samples from various shale
formations have commonly exhibited a strong dependence on the relative direction between the differential stress
and the bedding plane (e.g. [1, 2, 11, 20]). Sone and Zoback [11] have also found that creep behavior is apparently
correlated with the elastic moduli of shale, although the mechanisms underlying viscoplastic and elastic deformations
are quite different. They explain this correlation by appealing to stress partitioning in a conceptual bi-layer model,
in which one layer is composed of soft constituents such as clay and organics (kerogen), while the other layer is
composed of hard constituents such as quartz, feldspar, pyrite (QFP), and carbonates. This bi-layer representation is
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a simple but promising approach. It is well justified by the fact that shale creep is mainly attributed to the clay and
organic constituents rather than the hard minerals [9, 11, 13, 16, 17, 19].
Mathematically, time-dependent deformation of geomaterials has been described by viscoelastic/plastic contin-
uum models (e.g. [2, 21]) or empirical relations (e.g. [22]). For clay-rich materials, a number of anisotropic viscoplas-
tic constitutive models (e.g. [23–28]) have been proposed by extending the Modified Cam-Clay (MCC) model origi-
nally developed for isotropic materials [29]. Although most of these models have treated anisotropy in a purely macro-
scopic manner, without explicit consideration of material microstructure, a few models have incorporated anisotropy
based on microstructural approaches. For example, Pietruszczak et al. [30] have proposed a constitutive framework
that introduces two microstructure-based quantities, namely, a microstructure evolution parameter capturing creep
deformation associated with the rearrangement of microstructure, and a microstructure tensor describing the direction
of transverse isotropy. Very recently, Borja et al. [31] have developed a two-material framework that represents shale
as a mixture of a softer frame and a harder frame, applying an anisotropic critical state plasticity model [32] to the
harder frame to simulate anisotropic viscoplastic deformation.
Outside the geomechanics community, homogenization techniques have been developed as an elegant way to
incorporate microstructure effects on viscoelastic [33, 34] and viscoplastic [35–37] behavior of materials. However,
the application of homogenization techniques to viscoplastic materials entails a few major difficulties. First, the
mathematical description of the macroscopic behavior cannot be determined a priori, because the macroscopic viscous
behavior does not necessarily follow the same law as the constituents [38]. For example, a Maxwell-type behavior
for the microscopic constituents does not necessarily lead to an overall macroscopic behavior following the Maxwell
law [39]. Second, exact interactions between constituents can only be derived for linear elastic behavior, while new
assumptions and strategies are needed for viscoplastic models.
A survey of mathematical homogenization techniques for dissipative materials can be found in Charalambakis
et al. [40]. The majority of homogenization techniques developed for viscoplastic creep are based on mean-field
methods [41], self-consistent schemes [42], and transformation field analysis [43]. These methods were initially
developed for linear elastic composites based on Eshelby’s solution for an ellipsoidal inclusion in an infinite matrix
[44], and were later extended to the nonlinear regime by linearization of the local constitutive equations and definition
of a linear comparison composite for a given deformation state [34, 45–51]. In particular, interaction laws for elasto-
viscoplastic inclusions were developed to extend the Mori–Tanaka and self-consistent schemes [42, 52–56]. Specific
assumptions such as piecewise uniform [57] or non-uniform [58] distribution of the strain field in each phase were
used to accommodate viscoplasticity within the transformation field analysis framework [59–61].
Other classes of homogenization methods include asymptotic expansion and periodic homogenization methods.
Periodic homogenization expresses the strain field as the sum of a macroscopic field and a periodic perturbation
[39]. This technique was applied to elasto-viscoplastic composites under simplifying assumptions such as uniform
macroscopic stress and strain in the unit cell [62, 63] and point symmetry of internal distributions [64]. Asymptotic
expansion, which forms the basis of the present work, has been applied to viscoelasticity [33, 65] and viscoplasticty
[66] by assuming viscoplastic strains are piecewise constant eigenstrains, i.e. strains not caused by external stresses.
The above techniques are generally applicable to isotropic composites made of ellipsoidal inclusions within a
matrix, while homogenization-based anisotropic viscoplasticity has received little attention in the literature [67–70].
Chatzigeorgiou et al. [67] applied asymptotic expansion techniques to composites with generalized standard material
laws and demonstrated their application to multi-layered media. Mathematical approaches have also been adopted for
perfectly bonded isotropic creep materials [69] and fiber-reinforced laminates [68].
In this work, we develop a two-scale constitutive model for shale in which anisotropic viscoplastic behavior nat-
urally emerges from semi-analytical homogenization of a bi-layer microstructure. The microstructure is a composite
of soft layers, representing a ductile matrix formed by clay and organics, and hard layers, corresponding to a brittle
matrix composed of QFP and carbonates, similar to the conceptual model of Sone and Zoback [11]. This layered
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Figure 1: Optical log of core from the Green River Formation [71]. The log samples a 100 ft (30.5 m) vertical interval through the Mahogany Zone,
illustrating the strongly bedded nature of shales. Darker sections contain higher volume fractions of organic content than lighter sections. (Figure
adapted from Mehmani et al. [71] with permission from Elsevier.)
microstructure is well justified by the fact that layering is ubiquitous in sedimentary rocks, including shale (Fig. 1.
In particular, we build the model using an inelastic homogenization framework for layered materials recently pro-
posed by Semnani and White [70], here extending it to viscoplastic materials. One of the main advantages of this
homogenization approach is that the macroscopic behavior is inherently anisotropic, even when the individual lay-
ers are modeled with isotropic constitutive laws. This allows us to adopt standard isotropic models with physically
meaningful parameters. This provides a significant advantage over many single-scale models that require anisotropy
parameters that can be challenging to calibrate and physically justify. Using a common correlation between clay and
organic content and magnitude of creep, we apply a viscoplastic Modified Cam-Clay plasticity model to the soft lay-
ers, while treating the hard layers as a linear elastic material. It will be shown that the proposed model can simulate
viscoplastic deformation of shale remarkably well with a relatively small number of parameters. Through a borehole
closure example, we will also demonstrate that the model can be efficiently applied to general initial–boundary value
problems involving anisotropic deformation of shale over time.
The proposed model is distinguished from existing shale models in several aspects. First, the majority of existing
viscoplasticity models for shale assume isotropic behavior [72, 73]. Although an isotropic viscoplasticity model
may reproduce uniaxial creep deformation, it requires a different parameterization when the bedding plane direction
is changed; see [72] for example. Second, it differs from the anisotropic viscoplasticity model of shale recently
proposed by Borja et al. [31]. That work relies on solid–solid mixture theory, while the present work employs
asymptotic expansion. Both represent shale as a composite of harder and softer materials. In Borja et al. [31], however,
the materials are not layered, requiring at least one of them be modeled by a single-scale anisotropic constitutive
law. The model proposed here simplifies calibration, since anisotropic properties naturally emerge from the layered
microstructure. Third, the proposed model differs from other homogenization-based models in that it provides a
general and flexible framework to accommodate any desired behavior for the constituents (e.g. brittle vs. ductile,
rate-dependent vs. rate-independent). Its algorithmic implementation in a computational mechanics code is also quite
straightforward. Finally, the viscoplastic deformation considered in this work is an intrinsic process of the solid matrix,
rather than induced by pore fluid diffusion or other physio-chemical processes studied in other works (e.g. [74–77]).
The remainder of the paper is organized as follows. Section 2 describes the model formulation. Section 3 presents
algorithms for implementing the proposed model in a material update subroutine. Section 4 validates the model with
laboratory creep data of samples from three gas shale formations, namely, Haynesville, Eagle Ford, and Barnett.
Section 5 demonstrates the computational performance of the model through numerical simulation of time-dependent
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borehole closure in a shale formation with different bedding plane directions. Section 6 closes the work.
As for sign conventions and notations, stresses and strains are positive in compression following the geomechanics
sign convention. Bold-face letters denote tensors and vectors. The symbol “·” denotes single contraction, and “:”
denotes double contraction.
2. Formulation
This section begins by describing a bi-layer model of shale, which is a particular class of the inelastic homogeniza-
tion framework developed by Semnani and White [70]. For brevity, the complete derivation of the homogenization
framework will be omitted, as it is extensively described in the prior work. Specific constitutive models will then
be introduced to model the stress-strain response of the two layers at the microscale, aimed at capturing viscoplastic
deformation in shale with minimal ingredients. Quasi-static behavior and infinitesimal deformation will be assumed
throughout.
2.1. Bi-layer model
Consider a body B whose microstructure is described by a spatially periodic unit cell U, as illustrated in Fig. 2.
The unit cell is composed of two parallel layers, namely, a soft layer and a hard layer. The soft layer represents the
compliant constituents of shale, such as clay and organic matters. The hard layer corresponds to the stiff constituents
of shale, including QFP and carbonate.
x1
x3
x2
hard layer 
(QFP & carbonates)
soft layer 
(clay and organics)y3
y1
y2
shale
n
θ
Figure 2: An illustration of a unit cell comprised of a soft layer and a hard layer. The macroscopic coordinate system is x = {x1, x2, x3}, and
the microscopic coordinate system is y = {y1, y2, y3}. Symbols n and θ denote the unit normal vector of the bedding plane and its angle from the
vertical, respectively.
A few assumptions are introduced to this bi-layer model. First, the characteristic length-scale of the body
(macroscale) and the unit cell (microscale) are clearly separated, a key requirement under asymptotic homogenization
theory. Second, each layer is a homogeneous, standard continuum. Third, the two layers are perfectly bonded to each
other, such that the displacement field is continuous across the layers as well as within the layers. Note, however, that
certain strain components may be discontinuous at the layer interface.
From a practical point of view, we also note that only quasi-periodicity of the microstructure is strictly required.
The material properties of the medium may vary slowly over large-length scales, as long as the local properties at short
scales may be well-approximated via a periodic unit cell. In a boundary value problem, for example, the microstructure
at each integration point is assumed to be periodic, but the material properties assigned from one integration point to
the next may vary slowly to capture large-scale heterogeneities like those seen in Fig. 1.
To describe the kinematics of the two-scale model, we introduce a macroscopic coordinate system, x, and a
microscopic coordinate system, y. The two coordinate systems are related as
y = x/ , (1)
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where   1 is the period of the unit cell. We also define a scalar micro-coordinate axis y := y · n, where n is the
unit normal vector of the layers. Let us denote by u(x, y) the displacement field, with the dual argument emphasizing
that this field is a function of both the macroscopic and microscopic coordinates. Applying two-scale asymptotic
homogenization, we approximate u(x, y) as a truncated power series of , i.e.
u(x, y) ≈ u(0)(x) +  u(1)(x, y) . (2)
Here, u(0) represents the macroscopic component of the displacement field, which is only a function of the macroscopic
coordinate. In contrast, u(1) represents a microscopic displacement fluctuation, which varies quasi-periodically across
unit cells. Accordingly, the total strain field can be additively decomposed as
ε = E + e , (3)
where E and e are the macroscopic and microscopic parts of the strain field, given by
E := sym
(
∂u(0)
∂x
)
, e := sym
(
∂u(1)
∂y
⊗ n
)
, (4)
with sym(·) denoting the symmetric part of a tensor. The strain field is potentially discontinuous at the layer interfaces,
despite the continuity of displacement field throughout the unit cell. In [70] the possibility of inter-layer slip or normal
opening is considered, but here we focus on perfectly bonded layers. The strain field must then be continuous in the
direction tangential to the layers.
The governing equations of the boundary value problem are derived as in [70]. This procedure will be omitted
for brevity. To express the equations, let us introduce layer-wise quantities, using subscripts (·)s and (·)h to denote
quantities in the soft and hard layers, respectively. We denote by φs and φh the volume fractions of the soft and hard
layers, which satisfy φs + φh = 1. We also define the microscopic displacement gradient vectors of the two layers as
vs :=
∂u(1)s
∂y
, vh :=
∂u(1)h
∂y
. (5)
To satisfy the bedding-normal traction continuity requirement, we note that the microscopic displacement gradients
must be constant in each layer [70]. The total strain tensors of the layers are then defined as
εs := E + sym(vs ⊗ n) , εh := E + sym(vh ⊗ n) . (6)
These strains are related to the stresses in the individual layers as
σ˙s = Cs : ε˙s , σ˙s = Ch : ε˙h , (7)
where σ and C denote the stress tensor and the stress–strain tangent tensor within each phase, respectively. The
general rate form is intended to accommodate potentially nonlinear material behavior. The particular models chosen
for the layers do not impact to the overall homogenization algorithm, so we leave them unspecified for the moment.
We denote by Σ the macroscopic stress tensor, which is defined as the volume average of the stress tensors in each
layer, i.e.
Σ := φsσs + φhσh . (8)
Introducing the multiscale expansions into the global initial-boundary-value problem, we may arrive at two sep-
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arate but coupled problems: a microscale problem in the unit cell U and a macroscale problem in the body B. The
governing equations of the microscale problem enforce certain stress and displacement field compatibilities:
σs · n− t = 0 in Us (traction continuity in the soft layer) , (9)
σh · n− t = 0 in Uh (traction continuity in the hard layer) , (10)
φsvs + φhvh = 0 in U (periodicity of micro-displacements) . (11)
Here, t = Σ · n denotes the traction vector resulting from stresses acting in the bedding normal direction, which must
be continuous in all layers to satisfy unit cell equilibrium.
The governing equation of the macroscopic problem is identical to the linear momentum balance typically em-
ployed in single-scale models,
div Σ + F = 0 in B . (12)
Here, div(·) is the divergence operator with respect to the macroscopic coordinate system x, and F is the body force
vector. This governing equation is supplemented with appropriate initial conditions in B and boundary conditions on
∂B to define a complete problem.
2.2. Soft layer: Viscoplastic Modified Cam-Clay
We may now begin to specialize the general model by defining isotropic constitutive models for the layers. For
the soft layer composed of clay and organic content, we use a viscoplastic model. This layer is then responsible
for the time-dependent ductile deformation of the overall shale. The viscoplastic formulation begins by writing the
stress–strain relationship as
σ˙s = Ces : (ε˙s − ε˙vps ) , (13)
where Ces is the elastic stress–strain tangent of the soft layer, and ε
vp
s is the viscoplastic part of the strain in the soft
layer. For simplicity, we assume that the elastic part of the soft layer deformation is linear elastic. The linear elastic
tangent can be written as
Ces = Ks(1⊗ 1) + 2Gs
(
I − 1
3
1⊗ 1
)
, (14)
with Ks and Gs denoting the bulk and shear moduli of the soft layer, respectively. Also, 1 and I denote the second-order
identity tensor and the fourth-order symmetric identity tensor, respectively. While the elastic behavior of clay-rich
materials can be highly nonlinear and pressure-dependent [78, 79], the assumption of linear elasticity allows us to
minimize the number of model parameters when viscoplastic deformation is of primary interest. We note, however,
that the standard Modified Cam-Clay model typically employs a pressure-dependent elastic response rather than a
linear model.
For the viscoplastic part of deformation, we adopt the modeling approach proposed by Duvaut–Lions [80], which
is one of the most popular approaches to viscoplasticity in the literature (e.g. [31, 81–84]). Central to the Duvaut–Lions
viscoplasticity is the notion of backbone stress, which is the closest-point projection of stress onto the yield surface
of a rate-independent plasticity model. In a Duvaut–Lions model, the backbone stress tensor is first computed based
on a rate-independent model, followed by calculation of the (actual) stress tensor by integrating the rate equations
accommodating viscous effects.
For the rate-independent model determining the backbone stress tensor, here we choose the Modified Cam-Clay
model, which is widely used for clay-rich materials including shale (e.g. [32, 85–87]). We denote by p and q the
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volumetric and deviatoric stress invariants, respectively, which are defined as
p :=
1
3
tr(σs) , q :=
√
2
3
‖σs − p1‖ . (15)
Using these two stress invariants, the yield function can be written as
f (p, q, pc) =
q2
M2
+ p(p − pc) ≤ 0 , (16)
where M > 0 is the slope of the critical state line (CSL), and pc > 0 is the preconsolidation pressure which is the
hardening variable of the model. The hardening law is given by
p˙c =
pc
λ
ε˙
vp
v , (17)
where εvpv := tr(εvp) is the volumetric part of the viscoplastic strain. As standard in the Modified Cam-Clay model,
the plastic flow will be assumed to be associative.
The extension of this model to Duvaut–Lions viscoplasticity is carried out through the rate equations
ε˙vps =
1
τ
(Ces)−1 : (σs − σ¯s) , (18)
p˙c = −1
τ
(pc − p¯c) , (19)
where τ is a relaxation time parameter, and the bar denotes the inviscid part of a quantity calculated by closest-
point projection onto the rate-independent yield surface. The relaxation time may be considered a constant or a
function of other quantities as described in Simo et al. [81]. In the context of isotropic Perzyna-type viscoplastic
modeling of shale, Haghighat et al. [72] have proposed an exponential relationship between the viscosity coefficient
and the volumetric viscoplastic strain εvpv . Adapting this relationship to Duvaut–Lions viscoplasticity, we consider the
following form:
τ = τ0 exp(ζε
vp
v ) . (20)
Here, τ0 is the initial relaxation time, and ζ is a parameter determining the rate of evolution of the relaxation parameter.
2.3. Hard layer: Linear elasticity
The hard layer, which represents a matrix composed of QFP and carbonate minerals, typically deforms in a brittle
and rate-independent manner. Because brittle failure of the hard layer is outside the focus of this work, here we
simply model the hard layer as a linear elastic material, reducing the overall number of material parameters. Then the
micro-stress tensor of the hard layer, σh, is related to the micro-strain tensor of the hard layer, εh, as
σh = Ceh : εh , (21)
where
Ceh = Kh(1⊗ 1) + 2Gh
(
I − 1
3
1⊗ 1
)
(22)
is the elastic stress–strain tangent of the hard layer. Again, Kh and Gh denote the bulk and shear moduli of the hard
layer, respectively.
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Note that if the brittle failure of the hard layer is also of interest, the linear elastic model should be replaced by a
plasticity (or damage) model for brittle geomaterials. This replacement can be made without any significant change
to the homogenization procedure.
Remark 1. In the absence of viscoplastic deformation, the proposed model becomes equivalent to the bi-layer elastic
model proposed by Backus [88].
3. Implementation
This section describes how to implement the proposed two-scale model, with a focus on the implementation of
the material update subroutine. Its implementation in a continuum mechanics code is quite straightforward. Consider
a load step from time tn to tn+1, in which the goal is to determine the macroscopic displacement field un+1 for which
both the macroscopic and microscopic problems are satisfied. When using an implicit finite element method, we adopt
a two level iteration: a global Newton’s method is used to solve a discretized version of the macroscopic boundary
value problem (12), while sub-iterations are used at each material point to solve the microscale balances (9)–(11) to
determine the local stress-strain response.
We begin by assuming that an estimate for the discrete macroscale displacement u(0)n+1,m is given, where subscript
(·)m is a global iteration counter. The macro-strain E at a quadrature point is therefore known via (4) and used as an
input to a material subroutine. This routine uses the procedure prescribed below to determine the macroscopic stress Σ
and tangent stiffness CΣ satisfying the local equilibrium and compatibility equations. While the internal computations
differ, the strain-driven interface is the same as for any other material subroutine. Global residual equations may then
be assembled, and an updated displacement field u(0)n+1,m+1 computed if necessary. The procedure is iterated until all
balance equations are satisfied to a desired tolerance.
In the following, we describe a procedure to numerically solve the microscale problem, which is a particular case
of the solution algorithm presented in [70]. We briefly summarize the key steps here, but further details can be found
in the prior work. We also describe the integration procedure for the viscoplastic model of the soft layer. For brevity,
we will denote quantities at tn+1 without an additional subscript, while distinguishing quantities at tn with a subscript
(·)n.
3.1. Solution to the microscale problem
We also use Newton’s method to solve the microscale problem, considering its potential nonlinearity due to vis-
coplasticity. Newton’s method for iteratively solving a system of nonlinear equations R(X) = 0 proceeds in the two
steps:
solving J k∆X = −Rk , (23)
updating Xk+1 = Xk + ∆X . (24)
Here, R is the residual vector, X is the unknown vector, ∆X is the search direction, J is the Jacobian matrix, and
the superscript (·)k is a local iteration counter. For this particular problem, the residual vector consists of the three
governing equations of the microscale problem, namely, Eqs. (9)–(11), and the unknown vector is an array of the three
primary unknowns, namely, vs, vh, and t. Specifically,
R (X) :=

n · σs − t
n · σh − t
φsvs + φhvh
→ 0 , X :=

vs
vh
t
 . (25)
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Note that the micro-stresses in the residual equations are a function of both the microscopic strains and the fixed
macroscopic strain via equations (6) and (7). The Jacobian matrix is given by
J := ∂R
∂X
=

n · Cs · n −1
n · Ch · n −1
φs1 φh1
 , (26)
where Cs and Ch are the consistent (algorithmic) tangent operators for the micro-constitutive laws in the soft and hard
layers, respectively. While Ch = Ceh for the linear elastic hard layer, Cs should be distinguished from the continuum
(theoretical) tangent of the viscoplasticity model for an optimal convergence rate during the Newton iteration. A
specific expression for Cs will be provided in Eq. (34) later in this section.
When the material update is performed within a global iteration algorithm (e.g. for a stress-driven problem or
nonlinear finite element analysis), the macroscopic tangent operator, ∂Σ/∂E, is required for convergence of the global
iteration. The macroscopic tangent operator can be written as
CΣ := ∂Σ
∂E
= φs
∂σs
∂E
+ φh
∂σh
∂E
, (27)
with
∂σs
∂E
= Cs − (Cs · n) ·
(
J −111 · n · Cs +J −112 · n · Ch
)
, (28)
∂σh
∂E
= Ch − (Ch · n) ·
(
J −121 · n · Cs +J −122 · n · Ch
)
. (29)
Here, J −1(·)(·) is the inverse of the Jacobian matrix (26) with subscripts denoting the appropriate sub-blocks of J −1
(which has a 3×3 block structure). Notably, on the right hand sides of Eqs. (28) and (29), the terms following the
micro-tangents Cs and Ch have emerged from the interaction between the two layers.
A complete material update procedure is summarized in Algorithm 1. Note that tol  1 is the tolerance for the
Newton iteration. Voigt representations of all quantities can be found in [70].
Remark 2. It should be noted that an additional level of nested iterations is required when using nonlinear material
models for the layers (as here for the viscoplastic layer) because sub-iterations are required when calling the up-
date routine for the layer stresses. While deep nesting can be expensive, the material subroutine costs remain small
compared to other components of an implicit finite element solution procedure, and they may be trivially parallelized.
3.2. Integration of the viscoplastic model of the soft layer
As described above, the solution of the bi-layer problem requires the micro-stress tensor and the consistent tangent
operator of the individual layers. For the hard layer, which is linear elastic, these two quantities can be obtained
analytically and trivially. For the soft layer, however, they need to be computed by an integration algorithm for a
viscoplastic model of Duvaut–Lions type.
Time integration of a Duvaut–Lions viscoplastic model proceeds in two steps: (i) integration of the rate-independent
plasticity model for the backbone stress tensor, and (ii) integration of the viscoplastic rate equations for the actual
stress tensor and the internal variable(s). For brevity, we skip an algorithm for the first step—integration of the rate-
independent Modified Cam-Clay model—because it is standard and well described in many references (e.g. [89]).
For the second step, we use the implicit Euler method, except that we evaluate τ in Eq. (20) explicitly using εvpv at
the previous time step. This semi-implicit approach greatly simplifies the integration, without significant compromise
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Algorithm 1 Material point update.
Input: E
Output: Σ and CΣ
1: Initialize the iteration counter k = 0 and the unknown vector Xk = 0.
2: Calculate the total strains εs = E + sym(vs ⊗ n) and εh = E + sym(vh ⊗ n).
3: Get σs, σh, Cs and Ch by passing εs and εh into material subroutines for the microscale constitutive models.
4: Assemble the residual vector Rk(Xk) as Eq. (25).
5: if ‖Rk‖ > tol then
6: Solve for the search direction ∆X = −(J k)−1Rk.
7: Perform a Newton update Xk+1 = Xk + ∆X.
8: Set k ← k + 1 and return to Step 2.
9: end if
10: Update the macro-stress Σ = φsσs + φhσh.
11: Compute the macroscopic tangent operator CΣ via Eq. (27).
in accuracy because εvpv does not increase dramatically in a load step. Let us denote the time increment by ∆t :=
tn+1 − tn. The viscoplastic rate equations (18) and (19) are then integrated as
εvps = (ε
vp
s )n +
∆t
τn
(Ces)−1 : (σs − σ¯s) , (30)
pc = (pc)n − ∆t
τn
(pc − p¯c) . (31)
Rearranging these two equations, we get
σs =
σtrs + (∆t/τn) σ¯s
1 + ∆t/τn
, (32)
pc =
(pc)n + (∆t/τn) p¯c
1 + ∆t/τn
. (33)
Here, σtrs := Ces : [εs − (εvps )n] is the trial stress calculated assuming that the strain increment in the load step is fully
elastic. Also, the consistent tangent operator for σs can be written as [82]
Cs = C
e
s + (∆t/τn) C¯s
1 + ∆t/τn
, (34)
where (C¯s)n+1 is the consistent tangent operator for the backbone stress (σ¯s)n+1, which can be obtained by an existing
algorithm for the rate-independent model. The complete procedure for updating the viscoplastic model is summarized
in Algorithm 2.
4. Validation
This section validates the proposed model using creep test data on samples from three gas shale formations,
namely, Haynesville, Eagle Ford, and Barnett, which have been obtained by Sone and Zoback [1, 11]. All the experi-
ments were conducted as follows. First, a cylindrical sample was subjected to an isotropic confining pressure, which
was maintained for ∼3 hours. Subsequently, the sample was axially loaded by a differential pressure, which was
applied incrementally for 60 seconds and then held constant for ∼3 hours. During the axial loading stage, the sample
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Algorithm 2 Viscoplastic update of the soft layer.
Input: (εs)n+1 and ∆t
Output: (σs)n+1 and (Cs)n+1
1: Compute the trial stress (σs)trn+1 := C
e
s : [(εs)n+1 − (εvps )n] and set (pc)n+1 = (pc)n.
2: Evaluate the yield function f in Eq. (16) with the trial stress.
3: if f < 0 then
4: Elastic step. Set (σs)n+1 = (σs)trn+1 and (Cs)n+1 = Ces .
5: else
6: Viscoplastic step. Compute σ¯ and p¯c using an algorithm for the rate-independent Modified Cam-Clay model.
7: Calculate (σs)n+1 from Eq. (32), (pc)n+1 from Eq. (33), and (Cs)n+1 from Eq. (34).
8: end if
first experienced instantaneous deformation in the first 60 seconds and then creep deformation for the remaining pe-
riod. The values of the confining and differential pressures were varied by test, with complete information available
in Sone [90]. In what follows, we simulate these tests using the proposed model and algorithms described above.
4.1. Haynesville shale
To begin, we consider the experimental data of the Haynesville-1V sample in Sone and Zoback [1], which provides
the total (instantaneous plus creep) strain in both the axial and lateral directions after axial loading. The sample was
cored along the vertical direction, so it was axially loaded in the direction normal to the bedding plane (i.e. θ = 0◦).
The confining pressure was 30 MPa, and the differential pressure was 29 MPa.
Table 1 summarizes the model parameters calibrated to reproduce the experimental data of the Haynesville shale
sample. These parameters were obtained through the following procedure. First, the fraction of the soft layer, φs,
was calculated as the average of the clay and kerogen volume fractions of the Haynesville shale samples in Sone
and Zoback [91]. The fraction of the hard layer was then given by φh = 1 − φs. The CSL slope, M, was computed
using the sliding friction coefficient reported in Sone and Zoback [11] and its relationship with M under triaxial
compression. For the elasticity parameters of the two layers, we first estimated their potential ranges based on the data
in Sone and Zoback [11, 91], and then further calibrated them to fit the instantaneous strains in the axial and lateral
directions. Then, we calibrated the rate-independent plasticity parameters of the soft layer, initial pc and λ, to match
the final strain of the experimental data, inferring their possible ranges from the estimated in-situ vertical stress in
Sone and Zoback [91] and Modified Cam-Clay parameters for other shales (e.g. [31, 32, 87]). It is noted that pc was
also calibrated due to significant uncertainties in the in-situ horizontal stresses and possible sample disturbance, see
Haghighat et al. [72] for a similar treatment. Lastly, the relaxation time parameters, τ0 and ζ, of the soft layer were
calibrated to fit the time evolution of creep strain in the experiment.
Figure 3 compares the simulation results and the experimental data in terms of the axial and lateral strains from
the beginning of axial loading. The simulation results show an excellent agreement with the experimental data from
the instantaneous deformation phase (the first 60 seconds) to the creep phase (the remaining period), in both axial and
lateral directions. It should be emphasized that although an isotropic viscoplasticity model may also be able to mimic
the axial strain data, it is unable to accurately simulate the lateral strain data.
4.2. Eagle Ford shale
To further validate the proposed model, we use the experimental data of the Eagle Ford-1 samples in Sone and
Zoback [1]. Unlike the previous example, the Eagle Ford data were obtained from two different samples, one cored
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Parameter Symbol Units Soft Layer Hard Layer
(Viscoplastic MCC) (Linear elasticity)
Volume fraction φm – 0.455 0.545
Bulk modulus K GPa 5.8 41.0
Poisson’s ratio ν – 0.32 0.32
CSL slope M – 0.90 –
Preconsolidation pressure pc MPa 15 –
Hardening modulus λ MPa 0.0012 –
Initial relaxation time τ0 s 25 –
Relaxation time coefficient ζ – 3100 –
Table 1: Parameters for Haynesville shale calibrated using experimental data from Sone and Zoback [1].
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Figure 3: Haynesville shale: experimental data from Sone and Zoback [11] (open circles) and simulation results using the proposed model (solid
lines).
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vertically and the other horizontally. Thus, the vertical sample was axially loaded in the bedding plane normal di-
rection (θ = 0◦), whereas the horizontal sample was loaded in the bedding plane parallel direction (θ = 90◦). The
confining pressure applied to the two samples were the same (10 MPa, see Sone [90]), but the differential pressures
were slightly different: 16 MPa for the vertical sample and 17 MPa for the horizontal sample. The model parameters
for the Eagle Ford shale data were obtained through the same procedure as that for the Haynesville shale example and
are presented in Table 2.
Parameter Symbol Units Soft Layer Hard Layer
(Viscoplastic MCC) (Linear elasticity)
Volume fraction φm – 0.260 0.740
Bulk modulus K GPa 5.9 41.5
Poisson’s ratio ν – 0.32 0.38
CSL slope M – 0.87 –
Preconsolidation pressure pc MPa 18 –
Hardening modulus λ MPa 0.0043 –
Initial relaxation time τ0 s 15 –
Relaxation time coefficient ζ – 5000 –
Table 2: Parameters for Eagle Ford shale calibrated using experimental data from Sone and Zoback [1].
In Fig. 4, the simulation results are compared with the experimental data of the vertical and horizontal Eagle Ford
shale samples. The comparison shows that the proposed model captures the different deformation responses of the
vertical and horizontal samples very well. Remarkably, it can be seen the bedding plane exerts dominant control over
not only the amount of instantaneous deformation but also that of creep. To incorporate these controls into numerical
analysis of shale, one must use an anisotropic viscoplasticity model such as the proposed model.
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Figure 4: Eagle Ford shale: experimental data from Sone and Zoback [1] (open circles) and simulation results using the proposed model (solid
lines). Note that the differential pressures for the vertical and horizontal samples are different: 16 MPa and 17 MPa, respectively.
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4.3. Barnett shale
As our last validation example, we use the creep test results of the Barnett-1 shale sample in Sone and Zoback [11].
The sample was cored horizontally, and it was subjected to an isotropic pressure of 20 MPa followed by a differential
pressure of 48 MPa. Because Sone and Zoback [11] reported creep strains only (i.e. without instantaneous strains), the
model parameters are calibrated to the creep strains in the axial and lateral directions. The parameters for the Barnett
shale data are presented in Table 3.
Parameter Symbol Units Soft Layer Hard Layer
(Viscoplastic MCC) (Linear elasticity)
Volume fraction φm – 0.470 0.530
Bulk modulus K GPa 5.9 40.0
Poisson’s ratio ν – 0.10 0.31
CSL slope M – 1.20 –
Preconsolidation pressure pc MPa 23 –
Hardening modulus λ MPa 0.0050 –
Initial relaxation time τ0 s 400 –
Relaxation time coefficient ζ – 5000 –
Table 3: Parameters for Barnett shale calibrated using experimental data from Sone and Zoback [11].
Comparison of the simulation and experimental results in Fig. 5 confirms that the proposed model well reproduces
both the axial and lateral creep strains. For this particular example, it should be noted that the bi-material model of
Borja et al. [31] has simulated the same experimental data very well. However, the bi-material model required seven
more parameters than the present bi-layer model, mainly because the anisotropic elasto-plastic model used in the bi-
material model requires six parameters to represent anisotropy. Conversely, the present bi-layer model does not require
any parameters for anisotropy other than the phase volume fractions, because it accommodates anisotropy through the
layered homogenization procedure. The current procedure may be more computationally expensive, however, due to
the need for nested iterations.
5. Borehole Study
This section briefly demonstrates the performance of the proposed model for general initial–boundary value prob-
lems. For this purpose, we simulate the the time-dependent closure of a borehole in shale, which is relevant to
wellbore stability [3] and leakage prevention [4, 5]. We consider a borehole with a radius of 0.1 m, represented in 2D
as a circle inside a square domain in plane strain conditions. The shale is modeled using the parameters calibrated
for the Haynesville shale sample in the previous section. To focus on the effect of material anisotropy, we introduce
a few simplifying assumptions: the shale is normally consolidated under an isotropic stress field, the borehole is
drilled instantaneously, and the shale deforms under fully drained conditions so that no fluid response must be mod-
eled. All external boundaries are fixed, while the borehole surface is a traction-free boundary. Using the standard
displacement-based finite element method in conjunction with Newton’s method, we solve this problem with 1,944
quadrilateral bilinear elements and a constant time increment of 1 minute. The deal.II library [92, 93] is used for
the finite element solution. To examine the effect of shale anisotropy on the borehole closure behavior, we repeat the
same problem with three different bedding plane directions: θ = 0◦, θ = 45◦, and θ = 90◦.
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Figure 5: Barnett shale: experimental data from Sone and Zoback [11] (open circles) and simulation results using the proposed model (solid lines).
Deviatoric stress: 48 MPa.
Figure 6 presents the simulated time evolution of the borehole geometry and the equivalent plastic strain field
(
√
2/3 ‖εvp‖). It can be seen that in all cases the borehole progressively closes over time, but the closure patterns differ
according to the bedding plane direction. The boreholes squeeze more in the bedding plane normal direction than the
parallel directions to become oval-shaped, even though the initial geometry and stress condition had no significant
directional dependence. Consequently, the bedding plane direction controls where viscoplastic zones emerge. The
closure process in this problem nears steady-state after 30 minutes, but the real process in the subsurface would
be delayed significantly due to the slow dissipation of pore pressure in low-permeability shale. The fundamental
deformation patterns would, however, remain similar.
To demonstrate the computational efficiency and robustness of the proposed model, Fig. 7 presents the convergence
profiles during the Newton iterations at the same time instances as the previous figure. As can be seen, even in the
earlier steps where viscoplastic deformations rapidly develop (1 min and 5 min), the relative residual norms are quickly
reduced to small values after only four Newton iterations. Later, when the viscoplastic process nears completion (30
min), the Newton iterations converge even faster. The convergence behavior is near-optimal in every step, confirming
the correctness of the macroscopic and microscopic tangent operators.
The results of this example highlight that material anisotropy alone has a profound impact on borehole deforma-
tions, and that the proposed model can be easily incorporated into a standard numerical code for initial–boundary
value problems. It is also noted that the model could be incorporated into more sophisticated numerical methods for
coupled poromechanical problems (e.g. [94–97]) to account for fluid flow effects on viscoplastic deformation. Future
work will apply the model to investigate the combined control of the bedding plane direction, stress anisotropy, and
fluid flow on the time-dependent behavior of boreholes in shale.
6. Closure
This work has proposed an anisotropic viscoplasticity model for shale, extending a recently developed homoge-
nization framework for layered materials [70]. The proposed model conceptualizes the microstructure of shale as a
15
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Figure 6: Borehole closure simulation: time evolution of the borehole geometry and equivalent plastic strain field with different bedding plane
directions. Displacements are exaggerated by a factor of 200.
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Figure 7: Borehole closure simulation: convergence profiles during the Newton iterations at the time instances in Fig. 6.
16
composite of a viscoplastic layer and an elastic layer. The homogenization approach allows the individual layers to be
described by familiar isotropic constitutive models, with anisotropy emerging as an inherent property of the layered
microstructure. This combination of layer-wise isotropic models also helps minimize the number of free material
parameters, all of which have clear physical meanings and can be determined without significant difficulty. The pro-
posed model was validated using experimental creep data from three gas shale formations, showing good agreement
for all strain components. We have also demonstrated that the model can be efficiently incorporated within standard
numerical workflows, with simulation of a borehole closure process as a representative example. The remarkable suc-
cess of the proposed model suggests that homogenization is a powerful approach to the modeling of physical behavior
in layered geomaterials, which remains a difficult challenge to accurately predicting the response of geomechanical
systems.
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